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We calculate exactly the quantum mechanical, temporal characteristic function χ(η) for a single-
mode, degenerate parametric amplifier for a system in the Gaussian state, viz., a displaced-squeezed
thermal state. Knowledge of χ(η) allows only the determination of the time development of arbi-
trary functions of equal-time products of creation and annihilation photon operators. We calculate,
in particular, the fluctuations in photon number, quadrature operators, and quadrature variance.
We contrast the very important difference between the nonclassicality criteria based on the one-time
characteristic function χ(η) versus nonclassicality criteria based on the two-time, second-order co-
herence function g(2)(τ ) and show numerically that the nonclassicality criteria based on χ(η) does
not determine the classical/nonclassical behavior of g(2)(τ ).
PACS numbers:
I. INTRODUCTION
The generation of nonclassical radiation fields, e.g.,
quadrature-squeezed light, photon antibunching, sub-
Poissonian statistics, etc., establishes the discrete nature
of light and serves to study fundamental questions re-
garding the interaction of quantized radiation fields with
matter [1].
In a recent work [2], a detailed study was made of
the temporal development of the second-order coherence
function for Gaussian states–displaced-squeezed thermal
states—the dynamics governed by a Hamiltonian for de-
generate parametric amplification. The time develop-
ment of the Gaussian state is generated by an initial
thermal state and the system subsequently evolves in
time where the usual assumption of statistically station-
ary fields is not made. Nonclassicality were observed for
various values of the parameters governing the tempo-
ral development of the coherence function g(2)(τ)—such
as the coherent parameter α, squeeze parameter ξ, and
the mean photon number n¯ of the initial thermal state.
Our characterization of nonclassicality was based solely
on the coherence function violating inequalities satisfied
by the classical correlation functions.
In the present work we dwell into the notion of non-
classicality based on using the characteristic function to
study fluctuations in photon number, quadrature opera-
tors, and quadrature variance. In Section 2, we consider
the general Hamiltonian of the degenerate parametric
amplifier (DPA). Section 3 deals with the characteris-
tic function and the field-quadrature variance. In Sec-
tion 4, we obtain the photon-number variance. Section
5 deals with differing characterization of nonclassicality.
In Section 6, we study numerical examples to elucidate
∗alexanian@uncw.edu
the temporal behavior of differing quantities in order to
study the question of necessary and sufficient conditions
for nonclassicality. Finally, Section 7 summarizes our re-
sults.
II. DEGENERATE PARAMETRIC
AMPLIFICATION
The Hamiltonian for degenerate parametric amplifica-
tion, in the interaction picture, is
Hˆ = caˆ†2 + c∗aˆ2 + baˆ+ b∗aˆ†. (1)
The system is initially in a thermal state ρˆ0 and a after a
preparation time t, the system temporally develops into
a Gaussian state and so [2]
ρˆG = exp (−iHˆt/h¯)ρˆ0 exp (iHˆt/h¯) (2)
= Dˆ(α)Sˆ(ξ)ρˆ0Sˆ(−ξ)Dˆ(−α),
with the displacement Dˆ(α) = exp (αaˆ† − α∗aˆ) and the
squeezing Sˆ(ξ) = exp
(− ξ2 aˆ†2+ ξ∗2 aˆ2) operators, where aˆ
(aˆ†) is the photon annihilation (creation) operator, ξ =
r exp (iθ), and α = |α| exp (iϕ). The thermal state is
given by
ρˆ0 = exp (−βh¯ωnˆ)/Tr[exp (−βh¯ωnˆ)], (3)
with nˆ = aˆ†aˆ and n¯ = Tr[ρˆ0nˆ] .
The parameters c and b in the degenerate parametric
Hamiltonian (1) are determined [2] by the parameters α
and ξ of the Gaussian density of state (2) via
tc = −i h¯
2
r exp(iθ) (4)
2and
tb = −i h¯
2
(
α exp (−iθ) + α∗ coth(r/2)
)
r, (5)
where t is the time that it takes for the system governed
by the Hamiltonian (1) to generate the Gaussian density
of state ρˆG from the initial thermal density of state ρˆ0.
The quantum mechanical seconde-order, degree of co-
herence is given by
g(2)(τ) =
〈aˆ†(0)aˆ†(τ)aˆ(τ)aˆ(0)〉
〈aˆ†(0)aˆ(0)〉〈aˆ†(τ)aˆ(τ)〉 , (6)
where all the expectation values are traces with the Gaus-
sian density operator, viz., a displaced-squeezed thermal
state. Accordingly, the system is initially in the thermal
state ρˆ0. After time t, the system evolves to the Gaus-
sian state ρˆG and a photon is annihilated at time t, the
system then develops in time and after a time τ another
photon is annihilated [2]. Therefore, two photon are an-
nihilated in a time separation τ when the system is in
the Gaussian density state ρˆG.
It is important to remark that we do not suppose sta-
tistically stationary fields. Therefore, owing to the τ de-
pendence of the number of photons in the cavity in the
denominator of Equation (6), the system asymptotically,
as τ → ∞, approaches a finite limit without supposing
any sort of dissipative processes [2]. The coherence func-
tion g(2)(τ) is a function of Ωτ = (r/t)τ , α, ξ, and the av-
erage number of photons n¯ in the initial thermal state (3),
where the preparation time t is the time that it takes the
system to dynamically generate the Gaussian density ρˆG
given by (2) from the initial thermal state ρˆ0 given by (3).
Note that the limit r → 0 is a combined limit whereby
Ω = r/t also approaches zero resulting in a correlation
function which has a power law decay as τ/t→∞ rather
than an exponential law decay as τ/t→∞ as is the case
in the presence of squeezing when r > 0 [2].
III. CHARACTERISTIC FUNCTION:
FIELD-QUADRATURE VARIANCE
The calculation of the correlation function (6) deals
with the measurement of observables at two different
times. On the other hand, a complete statistical de-
scription of a field involves the expectation value of any
function of the equal-time operators aˆ and aˆ†. A charac-
teristic function contains all the necessary information to
reconstruct the density matrix for the state of the field at
one time but does no suffice to calculate the correlation
g(2)(τ), which involves two times rather than only one
time as is the case with the characteristic function.
Now [2]
ρˆ(t+ τ) = exp
(− iHˆ(t+ τ))ρˆ0 exp (iHˆ(t+ τ)) (7)
= exp(−iHˆτ)ρˆG exp(iHˆτ).
Accordingly, for any operator function Oˆ(aˆ, aˆ†), one has
that
Tr[ρˆ(t+ τ)Oˆ(aˆ, aˆ†)] = Tr[ρˆGOˆ
(
aˆ(τ), aˆ†(τ)
)
] (8)
≡ 〈Oˆ(aˆ(τ), aˆ†(τ))〉.
One obtains for the characteristic function
χ(η) = Tr[ρˆ(t+ τ) exp (ηaˆ† − η∗aˆ)] exp (|η|2/2)
= Tr[ρˆ(t+ τ) exp (ηaˆ†) exp (−η∗aˆ)]
= exp (|η|2/2) exp (ηA∗(τ) − η∗A(τ))· (9)
· exp (− (n¯+ 1/2)|ξ(τ)|2),
where
A(τ) = α
(
cosh(Ωτ) +
1
2
coth(r/2) sinh(Ωτ)
− 1
2
(cosh(Ωτ)− 1)+ exp[i(θ− 2ϕ)]
[
− 1
2
sinh(Ωτ) (10)
−1
2
coth(r/2)
(
cosh(Ωτ) − 1)]
)
and
ξ(τ) = η cosh(Ωτ + r) + η∗ exp(iθ) sinh(Ωτ + r). (11)
Define
|ξ(τ)|2 = η2T ∗(τ) + η∗2T (τ) + ηη∗S(τ), (12)
with
T (τ) =
1
2
exp (iθ) sinh[2(Ωτ + r)] (13)
and
S(τ) = cosh[2(Ωτ + r)]. (14)
With the aid of successive derivatives of the charac-
teristic function χ(η), one obtains for the quadrature xˆλ
and the quadrature variance ∆x2λ
〈xˆλ〉 = Tr[ρˆ(t+ τ)xˆλ] = 1√
2
[A(τ)e−iλ +A∗(τ)eiλ] (15)
and
∆x2λ = Tr[ρˆ(t+ τ)(xˆλ − 〈xˆλ〉)2]
3= (n¯+ 1/2)
(
exp [2(Ωτ + r)] sin2(λ− θ/2) (16)
+ exp[−2(Ωτ + r)] cos2(λ− θ/2)
)
,
where xˆλ = (aˆe
−iλ + aˆ†eiλ)/
√
2. The phase-sensitive
quadrature operators represent a set of observables that
can be measured for radiation modes, atomic motion in
a trap, and other related systems [3].
The expectation value of xˆλ is determined by the co-
herent amplitude α as well as the squeezing parameter
ξ while the variance ∆x2λ, and hence the squeezing, de-
pends on the squeezing parameter ξ only. The product
of the variances of the two quadratures components xˆλ
and xˆλ+pi/2 is bounded from below by the Heisenberg
uncertainty principle
∆x2λ∆x
2
λ pi/2 = (n¯+ 1/2)
2
(
cosh2[2(Ωτ + r)] (17)
− cos2(θ − 2λ) sinh2[2(Ωτ + r)]) ≥ (n¯+ 1/2)2 ≥ 1
4
.
The signal-to-noise ratio [4] is defined as
SNR =
(〈xˆλ〉)2
∆x2λ
. (18)
Thus the maximum signal-to-noise ratio is
SNRmax = |α|2
[
coth(r/2)(1− e−Ωτ ) + (1 + e−Ωτ )]2
(2n¯+ 1)e−2(Ωτ+r)
,
(19)
for ϕ = λ = θ/2. The result for the squeezed coherent
state, 4e2r|α|2, follows for τ = 0 and n¯ = 0.
IV. PHOTON-NUMBER VARIANCE
The time development of the photon number is given
by
Tr[ρˆ(t+ τ)aˆ†aˆ] = 〈aˆ†(τ)aˆ(τ)〉 = 〈nˆ(τ)〉
= (n¯+ 1/2) cosh[2(Ωτ + r)] + |A(τ)|2 − 1
2
, (20)
while the variance is
∆n2(τ) = Tr[ρˆ(t+τ)(nˆ−〈nˆ〉)2] = (n¯+1/2)2 cosh[4(Ωτ+r)]
+ (n¯+ 1/2)
(
2 cosh[2(Ωτ + r)]|A(τ)|2 − sinh[2(Ωτ + r)]·
(21)
·[eiθA∗2(τ) + e−iθA2(τ)]
)
− 1
4
.
Note, contrary to the quadrature variance (16), the
photon-number variance (21) depends, in addition to the
squeezing parameter ξ, also on the coherent amplitude α
via A(τ) given by Equation (10).
V. NONCLASSICALITY CRITERIA
Nonclassical light can be characterized differently, for
instance, with the aid of the quantum degree of second-
order coherence g(2)(τ) by the nonclassical inequalities
g(2)(0) < 1 and g(2)(0) < g(2)(τ), (22)
where the first inequality represents the sub-Poissonian
statistics, or photon-number squeezing, while the second
gives rise to antibunched light. Hence a measurement of
g(2)(τ) can be used to determine the nonclassicality of the
field. The two nonclassical effects often occur together
but each can occur in the absence of the other. Similarly,
one can derive the nonclassical inequality [5]
|g(2)(0)− 1| < |g(2)(τ) − 1|, (23)
that is, g(2)(τ) can be farther away from unity than it
was initially at τ = 0.
In the Glauber-Sudarshan coherent state or P-
representation of the density operator ρˆ one has that [1]
ρˆ =
∫
P (α)|α〉〈α|d2α, (24)
where |α〉 is a coherent state and nonclassicality occurs
when P (α) takes on negative values and becomes more
singular than a Dirac delta function. One has the normal-
ization condition
∫
P (α)d2α = 1; however, P (α) would
not describe probabilities, even if positive, of mutually
exclusive states since coherent states are not orthogonal.
In fact, coherent states are over complete.
A sufficient conditions for the nonclassicality is for the
quadrature of the field to be narrower than that for a
coherent state, that is,
∆x2λ <
1
2
. (25)
Another sufficient condition is determined by the Man-
del QM (τ) parameter related to the photon-number vari-
ance [1]
QM (τ) =
∆n2(τ) − 〈nˆ(τ)〉
〈nˆ(τ)〉 , (26)
where −1 ≤ QM (τ) < 0 implies that P (α) assumes
negative values and thus the field must be nonclassical
with sub-Poissonian statistics. Condition QM (0) < 0
is equivalent to the first condition in Equation (22)
since QM (0) = 〈n¯(0)〉[g(2)(0) − 1]. If, however, both
the Mandel QM parameter and the squeezing parame-
ter (∆x2λ − 1/2) are positive, then no conclusion can be
drawn on the nonclassical nature of the radiation field.
A purported necessary and sufficient condition for non-
classicality is
|χ(η)| > 1, (27)
4which is actually only the lowest order of a hierarchy of
conditions that must be satisfied for a quantum state to
be nonclassical [6]. One obtains for the characteristic
function (9) of a Gaussian state that
|χ(η)| = exp
[1
2
|η|2
(
1− (2n¯+ 1)e−2(Ωτ+r)
)]
, (28)
for 2ω = θ + pi, where η = |η|eiω. The nonclassicality
condition (27) becomes
(2n¯+ 1)e−2(Ωτ+r) < 1, (29)
which is the same as that given by condition (25) when
θ = 2λ. If the nonclassicality condition (29) holds for τ =
0, then it holds for τ > 0. Accordingly, our dynamical
system if initially nonclassical remains so as time goes
on.
It is important to remark that all the criteria based
on the characteristic function χ(η) are associated with
knowledge of the dynamical system at a single time
whereas criteria based on the degree of second-order co-
herence g(2)(τ) are associate with measurements of an
observable at two different times. Accordingly, the pur-
ported necessary and sufficient condition for nonclassi-
cality given by (29), which does not depend on the co-
herent amplitude α, may give rise to coherence functions
g(2)(τ), which depend on α, with classical or nonclas-
sical behaviors. This is apparent in Figures 1 and 3
that differ only in the value of |α| and show nonclas-
sical and classical behaviors, respectively. The classi-
cal/nonclassical transition value is |α|c = 0.4539661917,
where limτ→∞ g
(2)(τ) = g(2)(0) for n¯ = 0.1 and r = 0.1.
For the case of the squeezed coherent state
Dˆ(α)Sˆ(ξ)|0〉, the condition of nonclassicality (28) be-
comes
exp
[1
2
|η|2
(
1− e−2r
)]
> 1 (30)
for r > 0, τ = 0, and n¯ = 0. Note that the Gaus-
sian state is less nonclassical than the coherent state |ξ〉,
which corresponds to n¯ = 0. The amount of squeezing is
reduced by the factor (2n¯+ 1), and the squeezing is lost
if (2n¯+ 1) > e2r.
Note that initially at t = 0, the system is in the thermal
state ρˆ0, which means that α = ξ = 0 according to Equa-
tions (4) and (5) and so there is no squeezing. However,
the squeezing operation is realized by the Hamiltonian
(1) thus generating a unitary evolution operation iden-
tical to the effect of the squeezing operator Sˆ(ξ). The
squeezing continues indefinitely and so no matter the
value of n¯, eventually as τ increases the dynamics will
always lead to nonclassical states.
VI. NUMERICAL COMPARISONS
Owing to the equivalence of the nonclassical conditions
given by the first of Equation (22) and the Mandel con-
dition QM (0) < 0 on the one hand and the equivalence
FIG. 1: Temporal second-order correlation function g(2)(τ )
for n¯ = 0.1, r = 0.1, and |α| = 5. Both nonclassical in-
equalities in (22) are satisfied. One has g(2)(0) = 0.9993 and
limτ→∞ g
(2)(τ ) = 1.0029. The statistics is sub-Poissonian and
(26) gives QM (0) < 0.
FIG. 2: Plot of (|g(2)(0) − 1| − |g(2)(τ ) − 1|) for n¯ = 0.1,
r = 0.1, and |α| = 5 relevant to inequality (23), which is
positive for 0 ≤ Ωτ ≤ 3.8151 and negative for Ωτ > 3.8151.
The former indicates a classical behavior whereas the latter
shows nonclassicality.
of the nonclassicality condition of the quadrature (25)
and condition (29) on the characteristic function, we need
study only numerically the relation of the nonclassical in-
equalities (22) and (23) for the coherence function g(2)(τ)
and compare them to the nonclassicality criteria (29) for
the characteristic function χ(η).
It is interesting that Equation (29) is independent of
the coherent parameter α while the coherence function
g(2)(τ) is rather sensitive to the value of α. This is so
since the dependence of χ(η) on α, as given by Equation
(9), appears only in the factor exp
(
ηA∗(τ) − η∗A(τ))
whose absolute value is unity owing to the argument of
the exponential function being a purely imaginary num-
5FIG. 3: Temporal second-order correlation function g(2)(τ )
for n¯ = 0.1, r = 0.1, and |α| = 0.45. The behavior of g(2)(τ ) is
strictly classical with g(2)(0) = 1.2385 and limτ→∞ g
(2)(τ ) =
1.2352. Notice the drastic difference from that of Figure 1.
FIG. 4: Plot of (|g(2)(0) − 1| − |g(2)(τ ) − 1|) for n¯ = 0.1,
r = 0.1, and |α| = 0.45 relevant to inequality (23), which is
positive for Ωτ ≥ 0.
ber.
Figure 1 shows the strictly nonclassical features of the
correlation function g(2)(τ) since it satisfies the nonclas-
sical inequalities given by Equation (22). On the other
hand, Figure 2 shows the mixed classical and quan-
tum features as prescribed by Equation (23) since for
0 ≤ Ωτ ≤ 3.8151, one has violation of nonclassicality
according to (23) whereas for Ωτ > 3.8151 the nonclassi-
cal condition (23) is satisfied. The nonclassicality condi-
tion (29) is satisfied regardless the value of the coherent
parameter α, for n¯ = 0.1, r = 0.1, and τ ≥ 0 since
(2n¯+ 1)e−2(Ωτ+r) ≤ (2n¯ + 1)e−2r = 0.9825 < 1. There-
fore, the nonclassicality criteria (29) does not prevent the
correlation function g(2)(τ) to show classical behavior.
In order to show the strong dependence of the coher-
ence function g(2)(τ) on the coherent parameter α, we
FIG. 5: Plot of QM (τ ) for n¯ = 0.1, r = 0.1, and |α| = 5. One
has QM (0) = −0.01636 and QM (τ ) = 0 for Ωτ = 2.261.
FIG. 6: Plot of QM (τ ) for n¯ = 0.1, r = 0.1, and |α| =
0.45. One has QM (0) = 0.07502 and QM (τ ) = 0 for Ωτ =
0.0517, 0.8847.
show in Figure 3 the strictly classical behavior of g(2)(τ)
for the same values n¯ = 0.1 and r = 0.1 as those in Fig-
ures 1 but with the value of |α| = 0.45 rather than |α| = 5
as in Figure 1. In Figure 4 we plot the variable associ-
ated with inequality (23) that, together with Figure 3,
shows that the system satisfies all the classical inequal-
ities contrary to the nonclassical inequalities (22) and
(23). Accordingly, the system behaves classically accord-
ing to the known inequalities associated with the classical
correlation functions g
(2)
c (τ); however, homodyne detec-
tion measurement of the quadrature-operator expecta-
tion values ∆x2λ would surely show quantum behavior.
Thus the statement that (29) is the necessary and suffi-
cient condition for nonclassicality is not reflected in the
classical behavior of the correlation function g(2)(τ).
Finally, Figures 5 and 6 show the temporal behavior
of the Mandel parameter QM (τ) for the parameters used
6in Figures 1, 2 and Figures 3, 4, respectively. Recall
that the photon number distribution for a coherent field
is Poissonian and hence any distribution which is nar-
rower than Poissonian must by necessity correspond to a
nonclassical field [1].
In Figure 5, QM (τ) < 0 for 0 < Ωτ < 2.261 and so the
field is nonclassical for that range in agreement with re-
sults in Figures 1, 2. However, for Ωτ > 2.261, the Man-
del criterion indicates a classical behavior contrary to the
nonclassical behavior indicated by the coherence function
g(2)(τ) given in Figure 1, which is in agrement with both
nonclassical inequalities given in Equation (22).
In Figure 6, nonclassicality is indicated by the Man-
del criterion only in the interval 0.0517 < Ωτ < 0.8847,
whereas the nonclassicality condition given by (29) is
valid for τ ≥ 0 for n¯ = 0.1 and r = 0.1, independent
of the value of the coherent parameter α.
Again one sees the strong dependence on |α| of the cor-
relation function g(2)(τ) a dependence that shows both
classical and nonclassical behaviors, which is absent in
the purported necessary and sufficient nonclassicality cri-
teria (29) for the characteristic function χ(η) owing to
(29) being independent of the value of |α|.
VII. SUMMARY AND DISCUSSIONS
We calculate the temporal characteristic function (9)
and the corresponding field-quadrature (16) and photon-
number variances (21) for Gaussian states (2), viz.,
displaced-squeezed thermal states, where the dynamics
is governed solely by the general, degenerate paramet-
ric amplification Hamiltonian (1). Our result (9) for the
characteristic function is exact and is based on dynami-
cally generating the Gaussian state (2) first from an ini-
tial thermal state (3) and subsequently determining the
time evolution of the system without assuming statically
stationary fields.
We numerically analyze the conditions for nonclassi-
cality as given by the Mandel parameter −1 ≤ GM < 0,
squeezing parameter (∆x2λ− 1/2) < 0, and characteristic
function |χ(η)| > 1 and show that the latter condition
by itself suffices to determine nonclassicality. The char-
acteristic function nonclassicality condition (29) is con-
trasted to the violations of the known classical inequal-
ities for the coherence function g(2)(τ), which violations
are given by Equations (22) and (23). Our numerical
studies show that the nonclassicality criteria (29), indi-
cating the dynamical state of the system at one time,
does not determine the classical/nonclassical behavior of
the correlation function g(2)(τ), which actually represents
the measurement of observables of the dynamical system
at two different times. We find examples whereby the
nonclassicality condition |χ(η)| > 1 is satisfied while the
coherence function g(2)(τ) satisfies all the known classi-
cal conditions. Accordingly, the necessary and sufficient
condition (29) for nonclassicality can be applied only to
one-time properties of the system and does not determine
the classical or nonclassical nature of two-time properties
of the system, for instance, as determined by the coher-
ence function g(2)(τ).
Appendix: Second-order coherence
The degree of second-order temporal coherence is [2]
g(2)(τ) = 1 +
n2(τ) + s2(τ) + u(τ)n(τ) − v(τ)s(τ)
〈aˆ†(0)aˆ(0)〉〈aˆ†(τ)aˆ(τ)〉 ,
(A.1)
where
n(τ) = (n¯+1/2) cosh
(
Ωτ +2r
)− (1/2) cosh(Ωτ), (A.2)
s(τ) = (n¯+1/2) sinh
(
Ωτ +2r
)− (1/2) sinh(Ωτ), (A.3)
u(τ) = αA∗(τ) + α∗A(τ), (A.4)
and
v(τ) = αA(τ) exp (−iθ) + α∗A∗(τ) exp (iθ), (A.5)
where A(τ) is defined by Equation (10).
Equation (10) is the correct expression for A(τ) and
not that given in Ref. 2, where in Equation (13) the
purely imaginary number i should not be there. Simi-
larly, there is no i in the square braces of Equation (A2)
in Ref. 2.
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